>I<

CORRIDOR VARIANCE SWAPS

Abstract

1 Corridor variance swaps

XAIA
INVESTMENT

Jan-Frederik Mai

XAIA Investment GmbH

SonnenstraBe 19, 80331 Mlnchen, Germany
jan-frederik.mai@xaia.com

Date: Apr 29, 2025

Corridor variance swaps are financial derivative contracts that
generalize variance swaps and provide exposure to equity volatil-
ity. Whereas they are less liquid and only traded in over-the-
counter markets, their payoffs can be replicated by trading strate-
gies that rely only on liquidly traded vanilla options and forward
contracts, at least approximately. As a result, the implementation
of corridor variance swaps via vanilla options is used in quanti-
tative trading strategies that seek to deliver sophisticated expo-
sure to equity volatility. The present survey introduces corridor
variance swaps and explains the aforementioned replication via
liquid derivative contracts.

We denote by S = {S:}+>0 the value process of some stock,
or stock index. With a risk-free and deterministic short-rate as-
sumption r = {r(t)}+>0 used for discounting future cashflows,
and with a constant dividend yield § > 0, we assume that S has
the dynamics

dSt = St ((T(t) — (5) dt + oy th)

under some risk-neutral pricing measure Q. Here, W = {W; };>0
denotes a standard Brownian motion and {o;}:>0 can be any
non-negative stochastic volatility process, which is assumed to
be observable by market participants, i.e. is adapted to some
market filtration {3 }+>( that contains the natural filtration of .
We furthermore introduce the notation Fyr := EQ[Sr|F] =
Sy el T(9)=84ds 4 ¢ [0, 7], for the equity forward with maturity 7,
and we note that

dFt,T = Ft,T oy dW;

under Q, i.e. in comparison to S the forward is always a local
martingale and has no drift.

A corridor variance swap with corridor [a,b] for 0 < a < b <
oo is a financial contract with maturity 7' and underlying X =
{Xt}te[O,T}’ where either X; = S; or X; = F; 7, which costs
zero at inception and delivers its holder at maturity 7" a payoff
depending on the path of X, given by

X — X
1 ¢ {0 TN

T ;1:1(a,b)(th(g>1){( X, ) —Ucvs}a
- i—1

where 52,4 is a constant, called the implied corridor variance
with corridor [a, b] of the underlying X in the period [0, T']. Here,
n € Nis a number of monitoring time points, usually the number
of business days in [0, 7], and the partition 0 = t(()”) < t§”) <
e < t%") = T specifies contractually specified monitoring time
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points £™). The expression
K3

1 & Xym = Xt(.’j)l
T ; Hap) (thfp ( X

2

) (1)
2,

is called the realized corridor variance in the corridor [a, b] of the
underlying X in the period [0,77]. In words, a corridor variance
swap swaps the realized variance leg into the implied variance
leg, where the implied variance must be viewed as the market’s
expectation/price for the realized variance. The usual variance
swap arises as a special case fora = 0 and b = oo. If we
let n — oo and assume that the mesh max;<;<, |t§”) — tz@ﬂ
of the partition tends to zero, then the realized corridor variance
converges (in probability) to

X —X
1 = £ ™\ 2
— lim Y 1 (X, (— H)
T n1—>oo = (a’b)( t§7)1> Xt(.ﬁ)l

LT Lo (Xe) I 2
= T /0 Tt? d[X,X]t = T A 1(a,b)(Xt) (o dt,

where [X, X| denotes the quadratic covariation process of X,
which by our assumption of a continuous diffusion process is
known to be given by [X, X]; = [ 02 X2du. For the mathe-
matical derivations below it will be convenient to work with this
limit, instead of the discrete version depending on n, although
the interested readers are referred to similar derivations based
on discrete monitoring in Carr, Lewis (2004). An advantage of
the discrete derivation in that reference is that one can allow
jumps in the underlying process, but we find the derivations more
educational and elegant in the continuous case, pre-supposing
that readers are well familiar with It6 calculus. Furthermore, in
the discrete definition (1) one has to be careful with the indica-
tor. Notice that in (1) we sum over all time periods [t;‘_l,tl(")] for
which the underlying lies within the corridor at the beginning, i.e.
X+, , € (a,b), whereas in practice one may further distinguish
more accurately between such periods in which the underlying
is completely within the corridor and such in which it enters or
leaves the corridor. But all these subtleties disappear in the limit,
making the exposition more concise and helping to focus on the
essential qualitative understanding.

We distinguish between the two cases X; = S; and X; = F; 7,
because both cases are useful in practice and treated in the liter-
ature. On the one hand, Burgard, Torné (2019) focus on the case
X, = S, and note that this is what is “usually found in the mar-
ket”. On the other hand, Carr, Lewis (2004) consider the case
X; = F; r for mathematical convenience and if one implements
a corridor variance via the aforementioned replication strategy
the case X; = F; r is also more convenient, hence practically
useful. Even though the (limit) payoffs in both cases are differ-
ent due to the fact that 1(,5)(Fy7) # 1(a)(St) in general, the
economic reasoning behind the practical use cases for corridor
variance swaps is often very similar.
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The following derivation is well-known, for instance see Carr,
Lewis (2004); Burgard, Torné (2019) and the references therein.
We begin with an important auxiliary lemma.

Lemma 2.1 (An auxiliary identity from calculus)
Let h : [0,00) — R be twice differentiable (but 4" needs not be
continuous). Then for z,¢ > 0 we have

h(z) — h(t) — h'(t) (z — 1)
t o)
— [H @@=y [ K 0@y
0 t

Proof
See the Appendix. O

Given parameters 0 < a < b < oo, we apply Lemma 2.1 to the
function

4 log(a) -1 ,ifzx<a
log () Jifa<z <b.
log(b)+3 —1 ,ifzx>b

ha,b (:C) =

Intuitively, h, coincides with the logarithm on the interval [a, b]
and is extrapolated linearly outside, see Figure 1.
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Figure 1: The function A, for a = 50 and b = 120.

We find from Lemma 2.1 that
x—t

hab(®) = hap(t) — min{b, max{a,t}} “

¢ 1 a,b (y) o 1 a,b (y)
=—/O(y—x)+(y;dy—/t (z—y)+ (y)Q dy.

With the help of this lemma we first discuss the replication of
the realized variance leg, distinguishing the two cases X; = S;
(Subsection 2.1) and X; = F; r (Subsection 2.2). After that, in
Subsection 2.3 we discuss the replication of the implied variance
leg.
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[t6’s formula implies that

T

T ! 1 1"
hap(ST) = hap(So0) = / hap(St) dSt + 5 / hap(Se) d[S, STt
0 0

T 1) (St)
St

1 1
min{b, max{a, S;}} dSt - 2 /0 [, Sl

If we apply (2) with x = S and t = .Sy, and we combine this with
the last expression, we arrive at

Tl“” St d[S, S); = ! 2 ds
/ ]t_/o T min{b, max{a, S;}}

2 2 Lia,p) (K) (K — 57)+
+T/o = dK
1,0 (K) (Sp — K
N (a,b) (K) (ST )+ Ak
So K?

2¢~ ft —dds

T

:/0 T min{b, max{a, St}}

(b)
T 2(r(t) —96) S,
+/0 T min{b, max{a, S¢}}
()

2 g % Ly (K) (K — S7)+

Ul

dF; 7

dt

dK
+T K?

N /°° Liap) (K) (ST — K)4
So K?

2
AK | + 7 o p(S0) (S0 = Sr).

This formula shows how to replicate the realized variance payoff,
as will briefly be explained:

(a) The last two lines correspond to the payoff of a portfolio with
standard puts and calls with maturity 7" (note that Sy — S =
(So = S1)+ — (S — S0)+)-

(b) The term with the dF} r-integral corresponds to the PnL of
a dynamic strategy in which at each ¢ one holds a delta of

Ze” Ji 7(5)=8ds yniits of the forward Fir.

The line with the dt-integral can be re-written as

T 2(r(t) —0) S
/0 T min{b, max{a, S;}} dt
T o (r(t) —
—/0 W{l—i( —St)++b(5t—b) }dtv

which equals the p e/out of a static portfolio that for each ¢ €
(0,7 consists of 20r)=9) ynits of zero coupon bonds with

maturity ¢, selling M puts with maturity ¢ and strike a,
and buying % caIIs with maturity ¢ and strike b.

The reference Burgard, Torné (2019) derives a super-replicating
hedging strategy for the realized variance that is simpler to im-
plement, and in particular gets rid of the most inconvenient term
(c) above.
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2.2 The corridor realized variance leg:

based on the forward X,
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An alternative possibility to get rid of the parts (b) and (c) in the
preceding paragraph is explained in Carr, Lewis (2004), and we
find it useful to recall this in the following. To this end, we con-
sider the case X; = I} 7. By the analogous derivation as before,
replacing S; with F; 7, we obtain (note that Frrr = S7)

1 F r 2dF,
/' Lentfur) mTJmh:/ . o
’ ’ o T min{b, max{a, F}r}}

dK

/FOTl K ST)

(a,b) (K )(ST— K)4
+LM dK

K2

2 [T, 2
=z / hap(Frr) Ay + 75 ho g (For) (For = S1) - (3)
0

2 ¢ (o 1, p)(K) (K — S7)+
+ = { /0 = dK
> Ly (K) (ST — K)
(a,b) +
+ /F e aK }
0,7

Carr, Lewis (2004) now explain that the payoff in line (3) can be
achieved by a continuous delta-hedging strategy for the static
strip of puts and calls in the last two lines, when each delta is
computed with a Black—Scholes model with volatility parameter
o = 0, and we state this as a lemma.

Lemma 2.2 (Re-interpretation of dynamic part)

Consider a portfolio of infinitely many vanilla puts and/or calls
with maturity 7', as follows: for each strike K € (a,b) we buy
2dK/(T K?) puts if K < Fyr and calls otherwise. We call
this portfolio of puts and/or calls the static strip of puts/calls. We
denote the Delta at time ¢ € [0, T'] of this portfolio by D(” ) as-
suming that the Delta is computed with the Black—Scholes model
with parameter o. It follows that

/ DOOO ru)dudFtT (4)

I 2 !
=7 / hop(Frr) dFy T + T hop(For) (For — St).
0

In words, the final outcome of the strategy of continuously delta-
hedging the static strip of puts/calls with the Delta D,ﬁo’oo) is equal
to the expression (3).

Proof
See the Appendix. O

To better understand the appearance of the interest rate factor
exp { [ (u)du} in (4), it is helpful to look at the discretized
version of the integral

T
/ DO el T gE, 1~ N DO AR,
0

: hedge gain in [t;_1,t;]

T
efti r(u) du
1— 17 9

and to notice that the hedge gain in period [¢;_1,t;] is purely
cash-settled (since implemented via forwards), hence can be put
5
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on the risk-free bank account where it accrues at the risk-free
rate r from t; until 7.

Let us look a little closer at the practical implementation of the
trade, and the discretization error.

Example 2.3 (Discretization error)

We consider the special case of a finite corridor with b < Fy 7 <
oo (the corridor is out-of-the money), and we assume we dis-
cretize the corridorviaa = Ko < K1 < ... < K,,, = b, where
AK := (b — a)/m is an equi-distant spacing independent of
i =1,...,m, and we denote K; := (K;_1 + K;)/2 for each
1 = 1,...,m. The put/call strip then only consists of out-of-
the-money put options, to wit we assume for¢ = 1,...,m we
buy 2 AK/(T K?) put options with strike K;. The difference be-
tween the payoffs at maturity T (which is assumed to be 0.28) of
the continuous put strip and this discrete put strip is visualized in
Figure 2. One realizes that already for moderately sized m the
approximation is pretty good, hence the discretization error for
the static strip of puts small.
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I i |
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| .
P \ —— —discrete (m=14)
= [ ‘\ r“‘ —— —corridor [a,b]
5 [ T
@ 002 [ | | B
@ [ i |
3 [ r\\ ) |
2 [ | \ \ !
£ [ ) I Nl
c I ! h oo
S o001l | \ i | B
o | ! \ ;L [ |
£ | \ [
S Ly [ [ oy
= [ [ h \ / v
g [ S oA I '\\L
L I AN AN AN A N A AN i
0 N - -
5 N N N |
5 4 ) o I
= ) \_/ |
o / |
= N I
9 001 | -
Q 0.
© I
e |
I
I
I
0.02 | |
I
I
I
I
0.03 L L - L
20 40 60 80 100 120 140 160

St

Figure 2: The difference between the payoffs at maturity of con-
tinuous and discretized put strips as a function of the
final value S7, with a = 50, b = 120 and two different
m.

The zero-volatility Black—Scholes Delta of the put option with
strike K; at time ¢ equals

0
OF;r

_ T
P(Fyr,K;,t) = —e Ji () du Lk r<iiy-

Hence, the discrete strip has zero-volatility Delta equal to

_2AK T ydu 3

0,m
pm = 22

1
ﬁ 1{Ft,T<I_(i}’ (5)

=1 g
which is a step function in the underlying F; 7, see the top plot
in Figure 3. Unfortunately, in the zero-volatility case we cannot
6
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compute the Gamma of the strip, even though theory suggests
that one has constant Gamma within the corridor. But we can
view (5) as the limit ¢ ~\, 0 of the same Delta computed in a
Black—Scholes model with volatility ¢ > 0 (instead of zero). To
wit, this value is given by

IAK e~ ftT r(u)du

Dga’m) = — T X
1 log(Kq) —log(Fir) — % (T —t)
X ®( T 1 ) ©

=1
and has a derivative with respect to F; r (the Gamma) given by
T
qlom) _ VZAK e” Ji i
T Ft,T ™ (T — t) o

mo log(Fy.r/K) + % (T —t))°
% Z p{ _ ( g T2/02 (T _Qt) ) } (7)

Figure 3 illustrates the values D\”™ and G\"™ F?p as func-
tions of the underlying F; r for different values of o and m. It is
now an interesting observation that the desired theoretical Delta
DIE“"X’), that provides constant Gamma exposure within the cor-

ridor, is approximated better by D]f”’m) for some o > 0 than by

Dgo’m). This means that the error that is introduced to the de-
sired Delta when changing from the continuous case m = oo
to a finite m < oo can be alleviated by simultaneously chang-
ing from the zero-volatility case ¢ = 0 to some positive o > 0.
Figure 3 visualizes this effect.

Since d[X, X]; = o7 X7 dt, the expected value of the realized
corridor variance under Q equals

1 (T1 (X3) 1 (T
Q (a,b)\ A1 _ Q 2
E [—T /O 73 d[X, X]t} =7 /0 E [1(a,b)(Xt)O't} dt.

The fair implied corridor variance, which justifies a zero value of
the corridor variance swap at inception, is given by

foT E? {1(a,b)(Xt)O't2} dt
Jo EC [1(a,b)(Xt)] at

-2 _
ocvs =

We have seen in the preceding subsections how the realized cor-
ridor variance can be replicated by a portfolio of puts and calls,
an equity forward and some delta-trading. Now we investigate
how the payoff fo 1(a,5)(X¢) dt in the implied corridor variance
leg can be repllcated To this end, we observe that

Liap) (Xt) = Lix, <y — Lix,<a}- (8)

Fixing some N € N, if we buy 2 N puts with strike X — & and
sell N puts with strike K + 4, both with maturity ¢, the payoff at
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Figure 3: Top: The Deltas D; and Dﬁ") as functions of F; r for
a =50 and b = 120 and AK = 5 (i.e. m = 14) for
different o. Top: The Gammas G\ F7p as functions
of Fyr fora = 50 and b = 120 and AK = 5 (i.e.
m = 14) for different o.

t of this portfolio equals

v (k- 5 -x), - (K4 =), )

-1 X <K — 5
=2N(X,—K)-3% iK-+<X,<K++%
0 X > K+ 5

N—oo
— ~lxi<ky
Consequently, we can approximate the digital payoff (8) via stan-
dard put options with the following portfolio:

» Buy 2 N puts with strike a — - and 2 N puts with strike b+ +,
both with maturity ¢.

» Sell 2 N puts with strike a + - and 2 N puts with strike b— +-,
both with maturity ¢.
8
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With a partition 0 =ty < t; < ... < t, = T this implies that

L Xd~n1 x, )izl
T, Lia,p)(Xt) t~; (a,b)( tH)T

2N — 1 1
S (e ), (o )
=1

+ (b+ % - Xti_1)+ _ (b _ % _ Xti_1>+}.

If a = —o0, the puts with strike a + % are not required.

First of all, obvious but still noteworthy, in a Black-Scholes market
the (corridor) variance swap is a zero contract, since realized
and implied legs are identical almost surely. Consequently, in a
Black—Scholes market the Delta is exactly zero. In particular, this
implies that (the Delta of) implied and realized legs are identical
in a Black—Scholes market.

We investigate the Delta of a corridor variance swap under the
assumption that the underlying forward F; r follows a so-called
JDCEV model in the spirit of Carr, Linetsky (2006). The latter is
a local volatility model extended by credit risk, but for the sake
of the present demonstration the particular model choice is irrel-
evant. The only important thing is that it deviates from Black—
Scholes and hence the corridor variance swap has a Delta. For
the sake of an educational exposition, we reconsider the out-of-
the-money corridor variance swap from Example 2.3. The real-
ized leg is discretized with parameters m = 14 and o = 10%,
which implies a very small error according to Figure 3. The im-
plied leg is realized according to ¢; — t;—1 = T'/8. The implied
volatility surface for the applied JDCEV model is depicted in Fig-
ure 4, so that one can clearly observe the strong deviation from
the Black—Scholes case.

Figure 5 depicts both the Delta of the realized leg and the Delta of
the implied leg. There are two things to observe. First, the Deltas
of realized and implied corridor variance are unequal, hence the
corridor variance swap has a non-zero Delta. In particular, the
corridor variance swap has a significantly positive Delta around
the upper end of the corridor. Second, the qualitative shape of
the Delta is identical for the realized and the implied corridor vari-
ance legs (and, again, they would coincide in a Black—Scholes
model). The Delta is close to zero except it is positive around
the lower end point of the corridor and negative around the up-
per end point of the corridor. This means that each single leg of
a corridor variance swap intuitively profits (suffers) from an entry
into (exit out of) the corridor. In total, an out-of-the-money cor-
ridor variance swap exhibits a positive Delta around the upper
corridor end point and a negative Delta around the lower corridor
end point. The title of the bottom plot depicts the implied strike
volatility 6oy s = 30.73%, which is also computed in the applied
JDCEV model.

We collect technical proofs for the statements made in the main
body of this article.
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Figure 4: Implied volatility surface of JDCEV model that is ap-
plied to compute the Delta of the corridor variance
swap here.

Proof (of Lemma 2.1)
We compute the integral [* 2" (y) (y—z) dy in two different ways.
First, we observe y — z = (y — z)+ — (x — y)+ and obtain

[ ww-na
z/;h”(y) (y—fc)+dy—/:h”(y) (z —y)+dy
Z/;h//(y) (y—x)+dy+/txh//(y) (z—y)+ dy
= /Ot W (y) (y— )4 dy+/too B (y) (@ — )+ dy.

Second, we apply integration by parts to obtain

t t
[0 @-ot=rOE-2- [ Koy
=h'(t) (t — ) — h(t) + h(z).
A combination of the two expressions implies the claim. ]

Proof (of Lemma 2.2)
Under the assumption o = 0, the price and delta of a European
put option with strike K and maturity 7" are equal to

P(Ft,T7 K’ t) — e ftT r(u) du (K _ Ft,T)+7
0
OF;r

T r(

P(Fup, K, t)=—e o 7

D gy ek}

Note that the put option’s delta is undefined at K, but this is
irrelevant for the derivation due to the continuous integration. The

10
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Figure 5: Top: The Delta of realized and implied corridor variance
legs, where [a,b] = [50,125]. Bottom: The Delta of
the corridor variance swap with [a,b] = [50,125]. The
blue dotted line depicts the current forward value. The
model for computing the Deltas is a linear local volatility
model.

respective formulas for the call options are analogously given by

C(Fyr, K, t) = e rdu (g, 0 ),

T
8FtTC(Ft,T,Ka t) = e Jo rwdu Lp >k}

With these formulas, we are able to compute the delta for the

11
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put/call strip at time ¢, to wit

0 { 2 /FO»T 1(a,b)(K) P(Fir,K,t)
0

= dK
OF 7 K?

T
o 1, (K)C(Fyp K, t
2 (ap)(K) C(Fyr )dK}

T For K2
= —%e‘ ST () du / o 1 p)n(Fr,00) () UK
0

KQ

2 > 1 K
—|—Te*ftT7"(u)du / Vb)”(;’;;w)( )dK:(*).

Fo,r
From here, there are two possibilities, either F;,+ < Fyr or
Fyr > For. Assuming the first case F;r < Fyr holds true,
we obtain

R
(x) = —;eftTT(“)d“/ O’TMdK

Fyr K?
_ Ee—ftTr(u)du ( 1 — 1 )
T max{min{b, Fo,r},a}  max{min{b, F;7r},a}
2 T / /
= T e j;f r(w) du (ha7b(F0,T) - ha,b(Ft,T))’

And assuming the second case F; + > Fp r holds true, we obtain
analogously

F,Tl K
<*>=;e—ffr<u>du/t (“;’gg)dK

2 Tnd 1 1
- Z ft r(u)du ( : o >
T max{min{Fyr,b},a} max{min {Ft’T, b}, a}

For

2 _ T ’ /
= T e~ Je rlwdu (ha,b(FO,T) - ha,b(Ft,T))-
Summing up, the delta of the strip (assuming zero volatility) equals
2 _ T ’ ’
D) = e T (g (For) — g (Fe). (9)
Notice that the associated Gamma, i.e. the derivative of the Delta
D§“’°°> with respect to the underlying, equals

oo 2 — (T r(w)du 1. 2 — (T ru ula F’T
t, T

meaning that the choice of Delta D§°">°> gives constant Gamma

exposure G§0’°°> FfT within the corridor (and zero Gamma expo-

sure outside). Now the expression — fOT D) et rw) du dF, 7
is precisely the final payoff of the aforementioned dynamic delta-
hedge of the static strip of puts and calls under zero volatility
assumption, and it is now easy to verify from (9) that the expres-

sion — fOT D) i ru)du dF; 7 is equal to (3), as claimed. [
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