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The fundamental mathematical techniques underpinning the theo-
ry of local volatility models are reviewed and explained in simple
terms. Moreover, it is outlined how the continuous-time models
are put into practice via numerically solving pricing PDEs. It is ex-
plained how different pricing approaches relying on either back-
ward or forward PDEs are implicitly interrelated in continuous and
discrete time.

We denote by {F}}.co,m the evolution of a forward strike pri-
ce process with maturity 7" on some underlying asset. Moreo-
ver, we assume that interest rates are modeled deterministically
and denote by DF(t,T) the value at time t of a zero coupon
bond with maturity T'. Postulating absence of arbitrage, classical
theory claims the existence of some risk-neutral pricing measure
under which the stochastic process {Ft}te[o,T} is a local martin-
gale. A local volatility model is a common choice for this local
martingale. The forward price process under some risk-neutral
measure, which we fix henceforth, is modeled as

dFt = O'(t, Ft) th, (1)

where {W;},c(0,r) denotes standard Brownian motion and o is
a bivariate, deterministic function, called the local volatility func-
tion. Throughout, we assume o is nice enough so that the sto-
chastic differential equation (1) defines a unique strong and non-
negative solution and that F; admits a density with respect to Le-
besgue measure. The natural filtration of the Brownian motion is
assumed to coincide with the market filtration, i.e. the observable
information flow in the marketplace. Attime ¢ € [0, T'] the value of
a European derivative on the underlying asset with payoff f(Fr)
at time T is well-known by arbitrage pricing theory to equal the
expected value of DF'(t,T) f(Fr) conditioned on the informati-
on available in the marketplace at time ¢. Since Brownian motion
is a Markov process and o is deterministic, the forward price pro-
cess is Markovian. Consequently, the market does not need the
full information available at time ¢ in order to determine the ex-
pected value of DF(¢,T) f(Fr), but only the information about
the current level F; of the forward. This implies that the value V'
of the European derivative at time ¢ is a function of two variables,
time and forward, i.e.

V(t,Fy) = DF(t,T)E[f(Fr)| F}).
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2 Three useful PDEs
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Our goal is to determine today’s value V (0, Fy) of the derivative,
which is the (unconditional) expected value of f(Fr), discounted
back into time ¢ = 0. The problem with the computation of this
expected value is that, in general, the distribution of Fp is un-
known, because it depends on the function o. On the one hand,
one could now opt for a specific parametric form of ¢ and then
try to derive the probability law of Fr in closed form. Popular
examples with known and tractable distributions of F» comprise
the classical lognormal Black model (o (¢, F}) = o F}), a mixture
of lognormal models (o can be given explicitly in this case, cf.
Brigo, Mercurio (2002)), and the constant elasticity of variance
model (o(t, Fy) = o Ff with p € (0,1), cf. Delbaen, Shiraka-
wa (2002)). On the other hand, one could stick with the gene-
ral definition (1) for arbitrary ¢ and work non-parametrically or
semi-parametrically. For example, one may try to reengineer the
functional form of o from observable prices of European stock
derivatives. This is possible, since already for the general mo-
del (1) there is quite some mathematical theory available which
helps to compute V (0, Fy) efficiently by numerical methods. Pio-
neered by the seminal work of Dupire (1994), such an approach
is outlined, e.g., in Andreasen, Huge (2011a). The present article
surveys the mathematical concepts underpinning local volatility
models. For further reading, the interested reader is referred to
the standard textbook Gatheral (2006).

The remaining article is organized as follows. Section 2 discus-
ses three famous partial differential equations (PDEs) in the con-
text of local volatility models, their coherences and their moti-
vations. Section 3 explains how the PDEs of Section 2 are put
into practice by means of discretization, and how continous-time
coherences translate into discrete-time coherences via matrix al-
gebra. Finally, Section 4 concludes.

We denote by = — p(t,z) the density of the random variable
F,, for each t € (0,T]. Since for t = 0 we know the value Fy,
the density x — p(0,z) does not exist but the law of Fj is a
Dirac measure at the known value Fj, denoted by dr, in the se-
quel. Recall that we are interested in the computation of the va-
lue V(0, Fp). Since the discount factor DF'(0,T) in V (0, Fyp) is
assumed to be given, we can without loss of generality concen-
trate on the computation of the value v(0, Fy), where we define
v(t,Fy) == V(t, Fy)/DF(t,T). The latter value can be written
with arbitrary ¢ € (0,7] as

v(0, Fo) = E[f(Fr)] = E[E[f(Fr) | F{]]
— Eu(t, F))] = /0 ot ) plt,2) s, (@)

where the tower property of conditional expectation has been
used in the second equality. The last equation unravels a duality
between v and p: for t N\ 0, the probability law p(¢, z) dx approa-
ches the one point mass dx, (dx) at Fp, i.e. for small ¢ the function
p becomes more and more “known”. The situation is reversed for
t T, when the function v(t, ) approaches the known functi-
on v(T,z) = f(z), but the density p becomes more and more
“unknown”. Consequently, there are two conjugate strategies for
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2.1 The Fokker—Planck equation
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determining the desired value v(0, Fy), either working forward in
time and learning more and more about p, or working backward
in time and learning more and more about v. These strategies
are made precise by the following forward and backward PDEs
for p and v. First, Subsection 2.1 treats the Fokker-Planck equa-
tion, which is a forward PDE for p. Second, Subsection 2.2 treats
the classical backward pricing PDE for v. Third, Subsection 2.3
treats Dupire’s forward PDE for the special case of a call option
on the underlying, which differs from the backward pricing PDE
in the sense that the underlying argument is replaced by the call
strike price.

The Fokker—Planck equation is of paramount interest in physics,
see, e.g., Risken (1989) for a comprehensive treatment. For our
purpose, a special case of it states that

2
O pltw) = 5 o (o2t 0)p(t, ). @

ot 2 92

Notice that Equation (3) can be solved forwards in time together
with the boundary condition p(¢,z)dz \, dg,(dz). When sol-
ving the equation numerically in discrete time, each continuous
measure p(t, x) dz must be approximated by a discrete measu-
re anyway, so that the one-point mass start value is notationally
more convenient than in the above continuous-time formulation.
In particular, each such family of discrete approximations for the
measures p(t, z) dx defines a discrete-time stochastic process
approximating the continuous-time process {Fi};c(o.7]- Viewed
this way, finding v(0, Fyy) via tree pricing is closely connected to
the procedure of discretizing the Fokker—Planck equation.

A rigorous derivation of the Fokker—Planck equation is techni-
cal, but a heuristic explanation can be given as follows: fix an
arbitrary Borel set B and heuristically' apply Ité’s formula to the
indicator function I(F};) := 1¢p,cpy- This yields

/ 1 1"
AI(F) = I (F)o(t, Fr) AW, + o o?(t, Fy) I (Fy)dt.

Further assuming that we may interchange expectation and dif-
ferentiation, we obtain

1"

AE[I(F)] = E[AI(R)] = § Elo(r, Fi) I' (F)] dt,

or, put differently,
0 0 0

[ givttarae =g [ t.ayar = ZEIEF)

1 o0

2/0 I'(z) o?(t, x) p(t, ) dz.

Applying now twice integration by parts and assuming that the
integrand vanishes at the boundaries © = 0 and z = oo, we

'0Of course, I is not twice differentiable, so in order to carry out this argument
rigorously, one would need to approximate I by smooth functions and verify
the convergence of the approximations.
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observe

/000 I'(z) o?(t,2) p(t,z) do = — /OOO I'(z) %(02(25,:6)]9(15,:1:)) dz
2

= /OOO I(x) 88; (02(t, ac)p(t,x)) dz = /B (981’2 (UQ(t,a:)p(t,x)> dx.

Putting together the pieces, we conclude for an arbitrary Borel
set B that

0 1 02
/B ap(ta CU) - 5 @(0'2@,37) p(t, ZC)) dx = 0.

2.2 The backward pricing PDE  As a direct extension of the classical Black—Scholes PDE?, the
backward pricing PDE states that

Notice that Equation (4) can be solved backwards in time to-
gether with the boundary condition v(7, x) = f(x).

The derivation of Formula (4) follows directly from It6’s formula,
which states that

2

1 0
ta Ft) + 70’2(t, Ft) @'D(t,Ft)) dt"‘ .. th

do(t, Fy) = (8 5

o'l
By definition, the stochastic process t — v(t, Fy) = E[f(Fr) | F}]
is a (closed) martingale, implying that the drift term in the last sto-
chastic differential equation vanishes. This yields Equation (4).

2.3 Dupire’s forward PDE  Dupire’s forward PDE, which is named after the seminal refe-
rence Dupire (1994), is specifically designed for European call
options, since these are the best-understood and most liquid op-
tions. To this end, we denote

o0

o(t, k) = B[(F, — k).] = / (z — k) p(t, z) dz
k
and mention that DF'(0,T") ¢(T, k) equals the desired value of a
call option on the underlying with maturity 7" and strike price k.
Dupire’s forward PDE states that

o) 1, 9?

Notice that Equation (5) can be solved forwards in time together
with the boundary condition ¢(0, k) = (Fy — k)+. The core appli-
cation of Dupire’s forward PDE is that it might be used in order to
bootstrap the function o from observed market prices for call op-
tions. The article Andreasen, Huge (2011a) provides a recipe for
how this might be done in a numerically efficient and arbitrage-
consistent way.

2Notice that the classical Black—Scholes PDE involves also an interest rate,
which we conveniently got rid of by concentrating on the forward process
rather than the stock price process.
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3 Implementation in discrete time

3.1 Discretization of backward PDE

XAIA
INVESTMENT

The derivation of Dupire’s PDE works as follows. Using the pa-
rameter integral differentiation rule, it is readily observed that
a%c(t’ k) = p(t, k). Using the Fokker-Planck equation (3) and
a heuristic interchange of integration and differentiation, the de-
rivative of ¢(t, k) with respect to t may be written as

9 o 9
9 et k) = /k (v~ ) 5 p(t o) do

= [[@-03 2 () dr = ()

Via integration by parts and using that o2(t, z) p(t, z) and its -
derivative vanish rapidly as z — oo, we compute further that

(x) = —% /koo 8(1(02(7; x)p(t,x)) dz

2

=1y I T
- 2 g (tvk)p(t’ k) - 9 g (tvk) akzc(t’ k)

When actually computing v(0, Fp) in practice using one of the
PDEs mentioned in the previous section, required is a discretiza-
tion of the respective continuous-time PDE. To this end, standard
approaches rely on the replacement of the appearing differential
operators by their respective discrete-time difference operators.
This typically leads to iterative linear equation systems involving
well-behaved tridiagonal matrices, for which numerically efficient
algorithms are known. On the one hand, any discretization of the
Fokker—Planck PDE naturally leads to a trinomial tree approxi-
mation of the continuous-time financial model (1). This has the
advantage that the approach is rigorously embedded into arbi-
trage pricing theory and the induced discrete-time model may
consistently be used for exotic derivatives, e.g. as the basis for
a Monte Carlo simulation of the model. On the other hand, a
discretization of the backward pricing PDE does not explicitly in-
volve a discrete-time financial model, but only implicitly via the
duality between Fokker—Planck and the backward PDE that fol-
lows from (2). Andreasen, Huge (2011b) describe a discretiza-
tion procedure which achieves consistency of both forward and
backward discretization schemes. This is important, especially
when the same model is applied to the pricing of different types
of derivatives and, depending on the specific claim, either one
or the other approach is advantageous. It is educational to once
work through the discrete math and make explicit the discrete-
time financial model that is implicitly used when discretizing the
backward pricing PDE. This is done in the sequel.

Discretization requires to introduce some notation, so we con-
sider a finite grid 0 = tp < t; < to < ... < t, = T for
the time variable as well as a finite, equidistant grid 0 = z¢ <
1 < 19 < ... < x, for the state variable, where z,, should be
sufficiently large. Our functions ¢, v and p in two variables then
become (n + 1) x (m + 1)-matrices. All differential operators
appearing in the PDEs above are replaced with their discretized
counterparts. More precisely, for all indices i = 0,...,m — 1
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and j = 0,...,n — 1 we denote Az := zj;1 —z; = z; and

At; := t;11 — t;. Then we introduce the row vectors

= 0,...,0, 1, -2, 1 ,0,...,0)
2= e (L0 L2 L0 0
0,...j—2 J=1 4 3+l j42 . ..n

for j=1...,n— 1 For an arbitrary function h in x we denote
y h = ( x,))’, so that
s = Mai-1) = 2h(z;) + h(zj41)

(Aa)?

provides a discrete analog of 1" (xj) according to our grid. We
are going to apply this with the functions h(xz) = wv(t;, x) be-
low. For j = 0 and 5 = n, the definitions of 5;(5%), respective-
ly of 6;({;), requires special attention, because one has to defi-
ne boundary conditions which depend on the specific derivative
in concern (because the required values x_; and z,41 do not
exist). For example, if a call option is considered, one might® set
6;&;,3) = ;(EZ) = (0,...,0). This intuitively means that for very small
forward values (when the call price equals effectively zero) and
for very large forward values (when the call price is effectively
linear in the forward) the price of the call option is well approxi-
mated by linear functions. However, depending on the derivative
in concern, one might not be able to avoid careful deliberations
on how to impose boundary conditions. Finally, we also write 9.,
for the (n + 1) x (n + 1)-matrix with rows 59(6{6) j=0,...,n.

We now solve the backward pricing PDE for ¢(¢() in discrete ti-
me. To this end, we work backwards in time from the starting con-
dition #(t,,) = f. For each i = 0,...,m we denote by X(t;) €
R(+1)x(n+1) 3 matrix with all off-diagonal elements zero and
diagonal being given by the vector (a(ti, x0)s .-, 0(ti, xn)). Dis-
cretization of the PDE (4) applying the second difference opera-
tor matrix 6., yields the equations*

T(tin1) = 0(t;) — AthQ(Z)émﬁ(ti), i=0,...,m—1L

Since we need to work backwards in time starting from ¥(t,,) it
is appropriate to rearrange the last equation for ¥(¢;) yielding

-1
#(t) = (Ins1 — At—EQ(Z)%) (tig1), i=0,...,m—1,
(6)

with 1,4, € R(t1)x("+1) denoting the identity matrix. By con-
struction, the matrices

1

%It is more common to impose a so-called Dirichlet boundary condition at z,
because the value of the call option is known to equal zero in that case.
However, these deliberations (and the resulting more involved notation) is
beyond the scope of this introduction.

4The presented discretization corresponds to a fully implicit scheme, since
¥(t;) is the unknown. Alternatively, one might also use a fully explicit or a
convex mixture of fully implicit and explicit method, e.g. the Crank-Nicholson
method, in order to improve numerical stability.
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3.2 Implicit discrete-time model
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are tridiagonal and have an inverse, since they are obviously dia-
gonally dominant. Furthermore, A(t;)~! is a probability transition
matrix, i.e. has non-negative entries and unit row sums. Indeed,
since A(t;) is a tridiagonal matrix whose row sums equal one by
construction, i.e. A(t;) I = I, the same is valid for its inverse, i.e.
A(t;)~'1 = 1. That A(t;)~" has only non-negative entries fol-
lows immediately from one of the characterizations in Plemmons
(1977), e.g. characterization K34 with Z = 1.

Next, we explain how the matrices A(t;) from the backward PDE
solution induce a discrete-time tree approximation for { F; }c(o,7]
via the conjugate Fokker—Planck forward equation. Conveniently
assume that the current forward value Fj is contained in our grid
for the state space®, say x;, = Fy. Then p(to) equals the (n +1)-
dimensional vector with entries lj=ky, 7 =0,...,n, i.e. is a unit
vector. We now claim that a tree approximation for the forward
process is given by defining the discretization of p iteratively via

’

Pltiv1) == (A(t;) ™) plts), i=0,...,m—1. (7)

Recall that A(t;)~! is a probability transition matrix, which im-
plies that each p(t;) defines a discrete probability distribution on

the states {xo,...,z,}, so that the sequence p(ty),...,p(tm)
defines a discrete-time stochastic process {Ft(id)}izo,...,m- Using
the notation Z for (zo,...,z,) and &, for the unit vector with
components 1¢;_zy, j =0,...,n, itfollows for j = 0,...,n that
d d - 1y = - 1=
E[Ft(pl ‘thi ) = .:Uj] =X ((A(tz) 1) €j) = 6]- A(tz) 13? = xj,
~— ——

1-step transition
probabilities

showing that {Ft(id)}i:07,,_,m defines a martingale. Notice that the
last equality uses (6) with payoff function f(z) = x,i.e. ¥(t;) = ¥
for arbitrary 4. In other words, 7 is an Eigenvalue for A(t;)~L.
Furthermore, observe fori =0,...,m — 1 that

plt) T(ts) = pltipr) A(ta) U(ts) = pltit1) T(tir),

which is the discrete-time analog of (2). Consequently, (7) defi-
nes a valid discrete-time financial market model for the forward
process. Does it approximate the continuous-time forward model
(1) as the mesh of the xz- and t-grids approach zero? Indeed,
this can be seen as follows: consider as payoff f an arbitrary
continuous and bounded function. Then by construction we have
that

E[f(Fr)] = v(0, Fo) & > pltms ;) f () = E[f(FLD)],
j=0

where the approximation becomes an equality in the limit as the
mesh of state- and time-grid become zero, because the diffe-
rence operators tend to their respective differential operators.
This proves distributional equality in the limit of Fr and F}d).

®If not, choose the nearest grid point. This inaccuracy is resolved in the limit
as the mesh of the grid becomes finer and finer.
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4 Conclusion

References

XAIA
INVESTMENT

Since the process {F;}.c[o,7] is a closed martingale with termi-
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sufficient for distributional equality on the process level.
Summarizing, we have seen in this subsection that the aforemen-
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relies on a discrete-time financial model, where the respective
discrete approximation of the forward process can be obtained
from the matrices A(t;) introduced above via the iteration (7).
The latter may itself be viewed as a discretization of the Fokker—
Planck forward PDE which is by definition fully consistent with
the discretization of the backward pricing PDE.
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